In order to simulate the relativistic effects of the Dirac Brueckner Hartree Fock approach for finite nuclei the part of the Urbana 3 nucleon (3N) force is considered, which represents the enhancement of the small components of the Dirac spinors for the nucleons in the nuclear medium. This 3N force is included in a Brueckner Hartree Fock calculation with rearrangement terms using a realistic model for the NN interaction. The strength of the 3N force is adjusted to reproduce the empirical saturation point of nuclear matter and then used in corresponding studies of the closed shell nuclei 16 O and 40 Ca. Special attention is paid to a consistent treatment of the spectrum of particle states in the NN propagator of the Bethe-Goldstone equation.
I. INTRODUCTION
One of the main challenges of theoretical nuclear physics is the attempt to derive the bulk properties of nuclear systems, which includes the saturation properties of infinite nuclear matter but also the binding energies and size of finite nuclei, from a realistic model of the nucleon-nucleon (NN) interaction. In this context models of the NN interactions are called realistic if they have been determined to fit the experimental data for 2 nucleons, i.e. the NN scattering phase shifts and the data of the deuteron, with high accuracy. These so-called realistic NN interactions are in contrast to phenomenological or effective NN forces like the Skyrme interactions [1, 2] or relativistic mean field models [3] , which are fitted to describe the bulk properties of nuclear systems using Hartree-Fock or mean-field approximations.
Examples for such realistic NN interactions are the One-Boson-Exchange (OBE) Models of the Bonn (respectively Idaho) [4] group or the local interaction models of the Argonne or Urbana groups [5] . Rather sophisticated versions of these models have been developed like the CDBONN potential [6] or the Argonne V18 potential [5] .
Although these potentials are "soft" as compared to the hard-core potentials developed in the middle of the last century, they contain strong tensor-and short-range components, which make it inevitable to employ a calculation tool which treats correlations beyond the meanfield or Hartree-Fock approximation [7] . A typical example of such a many-body approach is the BruecknerHartree-Fock (BHF) approximation, which is based on the solution of two-nucleon scattering equation in the nuclear medium, leading to an energy-and density dependent effective interaction, the so-called G-matrix.
Attempts have been made to compare this G-matrix with the phenomenological models of a nuclear force as the Skyrme interaction mentioned above and identify the density dependence of the Skyrme interaction with the medium dependence of the G-matrix [8, 9] .
The variation principle of Hartree-Fock calculations with density-dependent forces leads to rearrangement terms, which in the case of the Skyrme interaction are very important to obtain good agreement with the empirical data for nuclear matter and finite nuclei. Therefore also the BHF approximation has been extended to include such rearrangement terms. Accounting for the energy dependence of G this leads to the Renormalized BHF (RBHF) approach [10] whereas the Density dependent HF (DHF) approximation also accounts for the Pauli-rearrangement terms [9, 11] . The inclusion of the rearrangement terms is not only justified to simulate the features contained in the effective theory, but, in contrast to BHF, the DHF approach fulfills the Hughenholtz van Hove theorem due to the inclusion of the rearrangement terms. [12] The BHF approach using realistic NN interaction leads to a saturation point for nuclear matter. The saturation points calculated with various models for the realistic NN interaction form the so-called Coester band [7, 13] , which misses the empirical data in a significant way. Therefore many attempts have been made to explore various effects, which make the NN interaction in the nuclear medium different from the NN interaction in the vacuum. An example of such studies is the inclusion of subnucleonic degrees of freedom e.g. in terms of intermediate excitations of the interacting nucleons to the ∆(3, 3) resonance. Such mutual polarization effects should occur already in the interaction of 2 nucleons in the vacuum. In fact such processes with intermediate isobar excitations provide a substantial contribution to the medium range attraction of the NN interaction, which in the OBE model is described in terms of the exchange of a light scalar σ meson [14, 15] . In the nuclear medium these attractive terms are quenched due to dispersive and Pauli effects, features which could be described in terms of a densitydependent NN force or a 3-N interaction [16, 17] . Such isobar effects turned out to be non-negligible, however, did not cure the problem of the Coester band, i.e. did not shift the saturation point calculated for nuclear matter to the empirical data.
Another form of medium-dependence of the NN interaction has been supplied by the Dirac-Brueckner-Hartree-Fock (DBHF) approximation [18, 19] . Here one considers the Dirac structure of the self-energy of the nucleon and accounts for the effect that the attractive scalar component of this self-energy yields Dirac spinors for the nucleons in the nuclear medium with an enhanced small component as compared to the corresponding spinor for a nucleon in the vacuum. Again this change of the Dirac spinors in the medium and the corresponding change for the matrix elements of meson exchange can either be described in terms of a medium-dependent NN force or by means of a 3N force parameterized in form of a Z-diagram with 2 σ exchange terms [20, 21] .
The DBHF approximation has been successful in the sense that it reproduced the empirical saturation point of nuclear matter without adjustment of any additional parameter [18, [22] [23] [24] [25] [26] [27] [28] . Since however the consistent treatment of correlation and relativistic effects for finite systems is a rather involved problem, the full Dirac Brueckner equations have not yet been solved for finite nuclei. In fact, Van Giai et al. [29] addressed this problem as one of the main open problems in Nuclear Physics. Different approximation schemes have been developed, which treat either the relativistic effects or the correlation effects in an approximate way.
The most popular approximation scheme is to analyze the DBHF calculations of infinite matter in terms of an effective field theory with meson-nucleon coupling constants depending on the nucleon density and perform relativistic mean field or relativistic Hartree-Fock calculations for finite nuclei using the semi-phenomenological density functionals, which were adjusted to reproduce DBHF results for infinite matter [30, 31] . For a recent discussion of such relativistic density functionals see [28] and references listed there. Such studies consider the relativistic features of DBHF explicitly, but ignore more or less the effects of correlations beyond the mean field approach. It has been pointed out that the rearrangement terms originating from the density dependence of the meson-nucleon coupling constants are very important to improve the description of finite nuclei [31] .
In the present investigation we are going to discuss a different approximation scheme for the DBHF approach in finite nuclei. The focus is to consider the correlation effects in terms of a direct evaluation for finite nuclei and treat the Dirac effects in an approximate way. However, in contrast to the method developed in [32] the Dirac effects are not described in terms of a local density approximation but are simulated using a three-nucleon interaction.
Various attempts have been made to parameterize the 3N forces discussed so far in terms of a simple local 3N force. As an example we mention the Urbana force [33, 34] , which is composed of two terms
The first part is from 2π exchange with an intermediate ∆ excitation and may be considered to simulate the medium-dependent isobar effects discussed above. The second term is typically defined in terms of 2σ exchange and can be interpreted to simulate the effects of the Zdiagram discussed above. This means the second term is thought to represent the relativistic effects of the DBHF approach [35] . Typically this 3N force is reduced to a density-dependent NN interaction, which is then added to the bare NN interaction (see e.g. [36] and references therein) and the parameters A and U in eq.(1) can be adjusted to reproduce the empirical saturation point for symmetric nuclear matter. This scheme has been criticized bey Hebeler and Schwenk [37] and later by Carbonne et al. [38] They argue that an expression for the total energy with kinetic energy t i , 2N interaction V ij and 3N potential V ijk
leads to the single-particle energy
which is different from the result, which is obtained, when the 3N force is added to the 2N interaction by
This is of course true and at first sight this would imply that the medium effects discussed above would lead to different results when they are treated in terms of a 3-body force or considered as a density-dependent NN interaction. We note, however, that both approaches lead to the same result, if the single-particle energies are defined according to the Landau definition of the quasiparticle energy, i.e.
which means that rearrangement terms due to the density dependence of V ef f are taken into account. With this inclusion the result is the independent on the treatment as a 3N term or a density-dependent 2N contribution.
In this investigation we will discuss Brueckner-HartreeFock kind of calculations for nuclear matter and finite nuclei based on a realistic NN interaction with inclusion of a 3-nucleon force. Special attention will be paid to the rearrangement terms originating from the density dependence of the G-matrix and the treatment of the 3N force in terms of a density-dependent 2N interaction. We will show that an adjustment of the constant U defining the relativistic 3-body force in (1) is sufficient to obtain the empirical saturation point for symmetric nuclear matter. The same 3N force leads to a fair description also for the bulk properties of finite nuclei.
After this introduction we will discuss the Brueckner Hartree Fock approach with 3N forces and inclusion of rearrangement terms in section 2 of this paper. The results for infinite matter and finite nuclei are discussed in section 3. Special attention will be paid to the treatment of the 3N force in finite nuclei and the description of the particle state spectrum in the Bethe-Goldstone equation.
The main results and conclusions are summarized in section 4.
II. BRUECKNER HARTREE FOCK AND REARRANGEMENT TERMS
A. Nuclear Matter and Finite Nuclei
The Brueckner Hartree Fock (BHF) approach can be defined in terms of three central equations. The first one of these equations is the Bethe-Goldstone equation
defining the so-called G matrix in terms of the free-space NN interaction V . Replacing the Pauli OperatorQ, which forbids the scattering of the interacting nucleons into states, which are below the Fermi energy and therefore occupied by other nucleons by the unit operator and the energy denominator ω −Ĥ 0 by the difference of kinetic energies of free nucleons, the G matrix turns over into the Lippman Schwinger equation defining the scattering matrix T for two nucleons in the vacuum. Therefore the Bethe-Goldstone equation can be interpreted as the solution of the problem of two nucleons interacting in the nuclear medium and the G matrix can be understood as the effective interaction of two nucleons, which accounts for correlation between the interacting nucleons. The single-particle energies are then defined within the standard BHF using the Hartree-Fock expression in terms of the G-matrix interaction
The single-particle density ρ j is diagonal in the basis of Hartree-Fock states
and the diagonal elements ρ j take the values 1 for occupied hole states with energies ε j below the Fermi energy and 0 for the particle states above the Fermi level. In the case of finite nuclei these Hartree Fock states have to be determined as the eigenstates of the BHF singleparticle Hamiltonian, which corresponds to the singleparticle energies defined in eq. (7). In the case of infinite nuclear matter these single-particle states are plane waves due to the symmetry of the system under translational transformation. Note, however that also in the case of infinite matter a self-consistent solution of the Bethe-Goldstone equation (6) and the evaluation of the single-particle energies according eq. (7) is required to determine the starting energy ω according to the BetheBrandow-Petchek theorem. After solving eqs. (6) and (7) in a self-consistent way one can evaluate the total energy as
which is the third of the 3 equations to define the BHF approximation. Note that using the BHF definition of the single-particle energies (7) the corresponding expression for the total energy leads to Koltuns sum rule [39] 
The definition of the single-particle energies for the intermediate particle states, i.e. the definition of the operator H 0 in the propagator of the Bethe-Goldstone eq.(6) has been discussed for many years. It has been shown by Song et al. [40] that the contribution from threebody correlations is minimized in nuclear matter with the so-called continuous prescription [41] , which means that the single-particle energies for the states above the Fermi level are calculated in the same way as those for the hole states below. As will be discussed below, we will try to adopt this prescription in our calculations. Since it is very elaborate to evaluate the single-particle energies for all states in finite nuclei, we will approximate the Hamiltonian for the two particle states in this case bŷ
which is the operator of the kinetic energy of the interacting particles restricted to the states above the Fermi energy. A constant C is introduced to make the spectrum "continuous" across the Fermi energy. Appropriate values will be discussed below. Another rather technical obstacle for the solution of the Bethe-Goldstone eq. (6) is the definition of the Pauli operatorQ. This Pauli operator is easily defined for nuclear matter using the rest-frame of the nuclear matter system bŷ
with k i denoting the momenta of the interacting nucleons and the Fermi momentum k F . The Bethe-Goldstone equation, however, is more easily solved in the center of mass frame of the interacting nucleon, as the momentum of the center of mass is conserved and the relative momentum can be expanded in a partial wave basis. Therefore one typically employs the so-called angle-average approximation for the Pauli operator and approximates the single-particle spectrum by a quadratic form
with an effective mass m * and a constant C * fitted to describe the single-particle spectrum for the states below the Fermi momentum. Using these approximations, the Bethe-Goldstone equation can be solved separately in each partial wave, which reduces the numerical effort drastically. Methods have been developed to treat the Pauli operator and the single-particle spectrum without these approximations [42, 43] and it has been shown that the angle-average in the Pauli operator is a reasonable approximation, while the parameterization of the singleparticle spectrum according to eq.(11) can lead to considerable differences, as we will also discuss below.
The problem of a precise treatment of the two-particle propagator is even more pronounced in calculation of finite nuclei, as the single-particle states are only defined after the corresponding Hartree-Fock equations have been solved. Since we are using the simple parameterization of eq.(10) for the single-particle spectrum, we avoid a precise treatment for the Pauli operator ( see e.g. [9] ) and use the so-called angle-average for finite nuclei [44, 45] for a basis of oscillator states, which is appropriate for the nucleus under consideration.
The single-particle states |i, lj states are expanded in the very same oscillator basis |n, lj HO
assuming spherical symmetry of the states for the closedshell nuclei considered. The quantum numbers l and j refer to the orbital and total angular momenta of the single-particle states and the projection quantum numbers for the angular momentum are dropped. An attempt is made to optimize the oscillator basis in the sense that the oscillator parameter is chosen such that the corresponding expansion coefficients c lj n,i are close to 1 for all occupied single-particle states. In this way it is typically sufficient to restrict the expansion in eq. (12) to radial quantum numbers 0 ≤ n ≤ 4.
The expansion coefficients c lj n,i can then be determined by solving the BHF equations, which are given in the oscillator representation by
with n ′ , lj|t|n, lj HO the matrix elements for the kinetic energy in the basis of oscillator states and the corresponding matrix elements for the BHF single-particle potential, which can be calculated as
with the anti-symmetrized matrix-elements of the G-
HO in the basis of two-nucleon oscillator states coupled to total angular momentum J. The non-linear equations (13) and (14) are solved in an iterative way to obtain self-consistent solutions for the expansion coefficients c lj ni as well as singleparticle energies ε i of the BHF single-particle states.
The effects of the 3N interaction are taken into account using a density-dependent 2N interaction as it is indicated in eq.(4) Note, however, that the weighting coefficients of this density-dependent 2N interaction have been adjusted to obtain the correct expressions for the total energy and single-particle energies as presented in eqs. (2) and (3), respectively.
B. Rearrangement Terms
The BHF approximation, which has briefly been sketched in the preceding subsection, corresponds to a Hartree-Fock calculation, replacing the two-particle interaction by the corresponding G-matrix. The G-matrix, however, must be understood as an effective interaction, due to its dependence on the starting energy ω and the Pauli operator, depends on the density operator of the system considered. Therefore the BHF definition of the single-particle energy does not obey the Landau definition of the quasiparticle energy in (5). In fact, applying the Landau prescription to the energy functional (8) one obtains the BHF terms of (7) plus two additional terms, the starting energy rearrangement term ∆U ω i and the Pauli rearrangement term ∆U Q i , which are due to the dependence of G on starting energy ω and Pauli operator Q.
The starting energy rearrangement term can be written
The second line of this equation is obtained by substituting ε j in the first line by the corresponding BHF definition of the single-particle energy. Note that adding ∆U
to the BHF definition of the single-particle energy leads to
which means that we have replaced the single-particle density ρ j in eq. (7) by
This expression for P j typically yields values of the order of 0.8 . . . 0.9 and is often interpreted as a partial occupation of states j below the Fermi energy. The approximation (16) represents the leading terms of the so-called Renormalized BHF approach (RBHF) [8, 9] . Therefore we will use this name also in the following. Note that the Koltun sum-rule of (9) cannot be used any longer to evaluate the total energy (8) using the RBHF definition of the single-particle energy. The Pauli rearrangement term can be written as
and corresponds to the term of second order in G in the hole-line expansion of the self-energy. Calculations including Pauli-and starting energy rearrangement terms will be denoted as density-dependent Hartree-Fock calculations (DHF) and employ single-particle energies of the form
III. RESULTS
A. Nuclear Matter
All the calculations presented here have been performed using the proton-neutron part of the chargedependent Bonn interaction (CD Bonn), which has been defined and adjusted to the 2-nucleon data by Machleidt, Sammarruca and Song [6] .
Results of conventional BHF calculations for symmetric nuclear matter, using the angle-average approximation for the Pauli operator and the parameterization of the single-particle potential using the quadratic form of eq. (11) are presented by the dashed line, labeled BHF AA, in Fig. 1 . The single-particle potential, which is displayed in the left panel of this figure for a Fermi momentum k F of 1.36 fm −1 , which corresponds to the empirical saturation density, reflects the quadratic parameterization, which is adjusted to reproduce the BHF singleparticle potential U (k) for momenta k below the Fermi momentum and extended to momenta above k F .
The calculated binding energy per nucleon of such BHF AA calculations, shown in the right panel of Fig. 1 , yield a minimum, representing the prediction for the saturation point, at about twice the empirical saturation density and an energy of around -20 MeV, which is much more attractive than the empirical value of -16 MeV.
The consistent treatment of the two-particle propagator in the Bethe-Goldstone eq.(6), avoiding the angleaverage of the Pauli operator and using a consistent single-particle spectrum, leads to quite different results as can be observed from a comparison of the BHF results, presented by the red solid curves in Fig. 1 and the BHF AA results. As it has been discussed by Schiller et al. [42] , these differences can mainly be attributed to the definition of the single-particle potential. As can be seen from the left panel of Fig. 1 , the single-particle energies used to define the propagator of the Bethe-Goldstone equation are quite similar for momenta below k F . For the particle states with momenta above k F , however the calculated BHF energies are more attractive than described by the quadratic parameterization of the BHF AA approach.
The corresponding differences in the two-particle propagator lead to matrix elements of G, which are in general more attractive in the BHF than in the BHF AA approach, which leads to more binding energy in the former as compared to the latter calculation. This can be seen from the energy as a function of density curves, presented in the right panel of Fig. 1 . The BHF calculations yield a saturation point with even larger binding energy (-24 MeV) than the BHF AA approach at a larger saturation density. Fig. 1 also provides the relevant information about the effects of the rearrangement terms in the definition of the single-particle potential in eqs. (16) and (20) . The dominant contribution arises from the starting energy rearrangement term, ∆U ω i , which is taken into account using the RBHF approximation. As to be expected from the representation of the RBHF energies in terms of the partial occupation probabilities defined in (18) these are less bound than the corresponding BHF single-particle energies. This effect is more pronounced for the states with momenta below k F than for the particle states above the Fermi momentum. This enhances the calculated binding energy even more, leading to a saturation point with an energy per nucleon of less than -25 MeV at a Fermi momentum of k F of 1.8 fm −1 , which corresponds to a saturation density 2.3 times the empirical value.
The Pauli rearrangement term, which is also included in the DHF approximation, has a small effect. Its main effect in the single-particle potential is concentrated at momenta around the Fermi momentum, where it leads to a reduction of the momentum dependence of U (k). This corresponds to the enhancement of the effective mass m * to the bare mass m, as it has already been discussed e.g. by Mahaux and Sartor [46] and in [47] . The weak contribution of the Pauli rearrangement effect is also reflected in the small difference of the energies calculated in the DHF as compared to RBHF approximation. All the calculations discussed so far have been performed assuming just a realistic two-nucleon interaction, only, here the CD Bonn interaction, and we find, that the results of the calculated saturation points are part of the so-called Coester band [7, 13] . This is true for the BHF approach and the rearrangement terms just provide a shift along this Coester band. As it is one of the main goals of this investigation, to simulate the relativistic effects in terms of a 3N potential, we considered the 3N part of the Urbana interaction model [33, 34] fix the parameter A in eq.(1) to be equal zero and adjust the parameter U , the strength parameter for the term to simulate the change of the Dirac spinors in the medium, to reproduce the empirical saturation point. We did not aim at a high-precision fit, but just tried to obtain results close to the experimental data.
Results of such calculations are displayed in Fig. 2 . It is worth noting that we can obtain a good description of the empirical saturation point by adjusting only one parameter, whereas most of the other attempts employ consider a 3 nucleon interaction with 2 or more parameters for a corresponding fit.
The 3N Term V R ijk (see eq. (1)), which we consider in our studies, is of shorter range than the corresponding 2π exchange term ,V 2π ijk . This may be the reason that the 3N term essentially provides a repulsive shift in the single-particle potential U (k) with almost no momentum dependence (see the example in the left panel of Fig. 2 ). So we do not obtain the strong momentum dependence which has been observed by Zuo et al. [48] .
B. Finite Nuclei
The focus of the present investigation is to see if a BHF calculation with a parameterization of the Dirac effects in terms of a 3N interaction can provide a good description for the saturation point of nuclear matter as well as the bulk properties of finite nuclei. For that purpose we performed BHF and RBHF calculations for the closed shell nuclei 16 O and 40 Ca using the same 2N and 3N interactions as just described for nuclear matter. 
Results of BHF calculations of
16 O using just the CDBonn potential are presented in table I. One finds that the calculated energy per nucleon (-6.08 MeV) is less attractive as compared to the experimental value (-7.98 MeV) and the calculated radius for the charge distribution, R c , is much lower (2.35 fm) than the empirical value of 2.74 fm. In order to visualize this result for the "saturation point" for 16O in a way, which corresponds to the plot for nuclear matter as given e.g. in the right panel of Fig.2 , we indicated this result in the energy versus the inverse of the radius of the charge distribution by a red dot in Fig. 3 . In fact, it is the upper of the two red dots, connected by a solid line in the left panel of this figure.
Compared to the empirical data, represented by a green diamond, we observe a situation, which is quite different for 16 O than for nuclear matter (see Fig. 2 ). In both cases the BHF calculations yield value for k F or 1/R c , which are too large as compared to experiment, which implies that the average density calculated for the nuclear systems is too large. With respect to the energy per nucleon, however, the BHF calculations provide too much energy in nuclear matter and too little for the finite nucleus. Therefore in order to improve the comparison with experiment, the inclusion of the same 3N force must provide attraction in finite nuclei and repulsion in infinite matter and reduce the calculated saturation density in both cases.
The inclusion of rearrangement terms going from the BHF to the RBHF approach yields occupation probabilities P i of the order of 0.8 to 0.9 as shown in table I. From eq. (16) it is obvious that this leads to less attractive single-particle energies in RBHF as compared to the BHF approach. The smaller attraction of the singleparticle potential is reflected in a larger radius of the charge distribution. On the other hand the less attractive single-particle energies yield less attractive starting energies ω in the Bethe-Goldstone equation, which leads to more attractive matrix elements of the G-matrix and results in a more attractive energy per nucleon. This means that the inclusion of rearrangement terms shifts both, the energy per nucleon and the radius of the charge distribution closer to the experiment. As one can see from table I and Fig. 3 this effect is too small to provide a satisfying agreement.
The study of nuclear matter discussed above already showed that the results of BHF kind of calculations are rather sensitive to a consistent treatment of the twoparticle propagator in the Bethe-Goldstone equation. 16 3N GD) . Values of single-particle energies (ε) occupation probabilities (P , see eq.18) are listed for the occupied states as well as the energy per nucleon (E/A) and the radius of the charge distribution (Rc). The Pauli operator in the Bethe Goldstone equation has been defined in terms of oscillator function using an oscillator parameter b = 1.767 fm and a C = 5 MeV has been used to define the single-particle energies in eq. (10) .
The treatment of the particle-state spectrum in particular requires special attention. The same is of course also to be expected for finite nuclei. As discussed in the previous section, we approximate the Pauli operator Q in the Bethe-Goldstone eq.(6) by a corresponding operator assuming oscillator states with an oscillator parameter b of 1.76 fm and b = 2 fm in the case of 16 O and 40 Ca, respectively. The spectrum of the particle states, denoted by H 0 in eq. (6) is represented by the simple parameterization of (10), trying to adjust the constant C in such a way that the resulting spectrum roughly matches the calculated single-particle energies. All the results displayed in table I have been evaluated with C = 5 MeV. A larger value of C leads to more attraction and so, the lines displayed in Fig. 3 The effects of including the 3N force can be seen by comparing the results visualized in in Fig. 3 in terms of the square boxes with the corresponding results displayed by circles. As to be expected, the inclusion of the 3N yields a repulsive effect and leads to a reduction of the total energy accompanied by an increase of the nuclear radius. Comparing this effect with the corresponding repulsive effect one can obtain with a lowering of the parameter C just discussed, one finds that the 3N force yields a larger increase in the radius, if the energy is changed by a similar amount. This may reflect the fact that a proper treatment of the 3N force as compared to a modification of the 2N interaction has a larger effect on the single-particle potential (see the discussion in the introduction connected to eqs. (3) and (4) . Therefore a repulsive 3N interaction will be more efficient in changing the single-particle potential and the resulting radius of the particle distribution than a similar change in the 2N interaction. Fig. 3 also shows results displayed in terms of crosses and denoted as 3N GD (see also table I) . As discussed above, this approximation scheme describes an attempt to evaluate the effects of the 3N force in nuclear matter at various densities and then transfer the result to the calculation of finite nuclei by choosing the density of nuclear matter to be identical to the average particle density calculated for the nucleus considered. We find that this global density (GD) approximation yields effects which are similar with a tendency to overestimate the corresponding effects of a direct treatment in the finite nucleus by 20 to 30 percent. Similar calculations have also been done for the nucleus 40 Ca. Results on the "saturation properties" of this nucleus are displayed in the right panel of Fig. 3 considering the values C = 10 and C = 15 MeV for the parameterization of the particle state spectrum. More explicit results on the single-particle energies are shown in table II assuming C = 10 MeV. The main features of these results for 40 Ca are very similar to those discussed for the example 16 O and therefore confirm these findings.
It is worth noting that, assuming C = 15 MeV, and including the 3N force RBHF calculations of both nuclei yield results for energy and radius of the charge distribution, which are in a good agreement with the experimental data (see Fig. 3 40 Ca are presented in a energy versus 1/Rc plot to enable the comparison with the corresponding figures for nuclear matter ( Fig. 1 and Fig. 2) . Results referring to BHF calculations with different values of C in eq.(10) defining the particle spectrum in the Bethe-Goldstone equation are connected by a red solid line, those of RBHF calculations are connected by a blue dashed line. Results of calculations with just the 2N interaction, with inclusion of the 3N term and including the 3N term via a global density approximation are visualized by a dot, a box and a cross, respectively. The experimental result is given in terms of a green diamond symbol. strength of the 3N force, which was motivated to simulate the Dirac effect, has been adjusted to reproduce the saturation point of nuclear matter. With the 3N force adjusted we made a reasonable but not uniquely justified choice for the description of the particle-state spectrum to end up with a good description of the bulk properties of finite nuclei as well.
Nevertheless, this result shows that using an appropriate 3N force to simulate the effects of Dirac spinors modified in the nuclear medium within the framework of non-relativistic BHF calculations, one may be able to describe the bulk properties of nuclear matter and finite nuclei based on a realistic NN interaction.
The description of bulk properties (energy, radius of particle distribution, density) is an important but only one of features of nuclear structure, which one hopes to describe within the relativistic DBHF. Other important aspects one hopes to describe within a relativistic description of nuclear systems are the energy dependence of the optical potential [51] and the spin-orbit splitting of the single-particle energies [52] , which is enhanced due to the enhancement of the small component of Dirac spinors in the nuclear medium.
Is this enhancement of the spin-orbit splitting, which is important to describe the strength of the spin-orbit term observed in the experiment, also simulated by the simple 3N force of eq. (1)? Inspecting e.g. the single-particle energies of the p 3/2 and p 1/2 states listed in table I we do not find an enhancement of the spin-orbit splitting with the 3N force included. In fact, the differences between these single-particle energies are always smaller with inclusion of the 3N force. This is related to the fact that the 3N force yields larger values for the radii which reduces the spacing between the single-particle states. But even, if one accounts for this size effect, the 3N force does not provide an enhancement of the spin-orbit splitting. This could be achieved by introducing an appropriate spin structure in the 3N force, a feature which presumably would lead to more parameters and spoil the simplicity of the present approach. 40 Ca using BHF and RBHF approximation. The Pauli operator in the Bethe Goldstone equation has been defined in terms of oscillator function using an oscillator parameter b = 2.0 fm and a C = 10 MeV has been used to define the single-particle energies in eq. (10 [49, 50] . In contrast to the calculations leading to the results in table I and table II a shift C = 15 MeV has been used to define the single-particle energies in eq.(10).
IV. CONCLUSION
An attempt has been made to simulate the relativistic features of the Dirac-Brueckner-Hartree-Fock (DBHF) approach by adding effects of a simple 3 nucleon (3N) force to non-relativistic many-body calculations based on the BHF approach. One parameter, the strength of the 3N force, is adjusted to reproduce the empirical saturation point of infinite nuclear matter and than used without further modifications for the description of finite nuclei. Special attention is paid to the energy spectrum of particle states, which is used in the propagator of the Bethe-Goldstone equation, and the importance of rearrangement terms due to the energy dependence of the effective interaction. For the studies of finite nuclei in particular more effort is needed to optimize the treatment of the propagator in the Bethe-Goldstone equation. Taking a reasonable choice for the particle state spectrum and including the effects of rearrangement terms the Renormalized Brueckner Hartree Fock calculations with 3N force can reproduce the empirical values for the energy and radius of charge distribution of nuclei like 16 O and 40 Ca. This attempt to simulate the effects of the relativistic features of DBHF, however, fails to reproduce other predictions of the Dirac phenomenology like the strength of the spin-orbit term in the single-particle field.
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